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NORMAL STRUCTURE AND WEAKLY NORMAL STRUCTURE
OF ORLICZ SEQUENCE SPACES
BY
THOMAS LANDES

ABSTRACT. For a convex Orlicz function ¢: R, — R,U{oo} and the associated
Orlicz sequence space /,,, we consider the following five properties:

(1) /,, has a subspace isometric to /.

(2) {, is Schur.

(3) {,, has normal structure.

(4) Every weakly compact subset of /,, has normal structure.

(5) Every bounded sequence in /,, has a subsequence (x,) which is pointwise and
almost convergent to x € /o, i.e, limsup, _, ,|lx, — x|, < liminf, _, . ||x, — yll, for
ally # x.

Our results are:

(1) & o is either linear at 0 (p(s)/s = ¢ > 0, 0 < s < 1) or does not satisfy the
A ,-condition at 0.

(2) = [, is isomorphic to /; = ¢’(0) = lim,_, o(7)/t > 0.

(3) < ¢ satisfies the A,-condition at 0, ¢ is not linear at 0 and C(¢)=
sup{@(r) <1} > 3.

(4) = o satisfies the A ,-condition at 0 and C(¢) > 1 or ¢’(0) > 0.

(5) < o satisfies the A,-condition at 0 and C(¢) = 1.

The last equivalence contains a result of Lami-Dozo [10].

1. Preliminaries. Let X be a normed space and A4 be a nonvoid subset of X. The set
A is called diametral if A is bounded and if

sup{[lx = yll|ly € 4} =d forall x € 4 and some d > 0,

and A is said to have normal structure (cf. [2]) if A has no convex diametral subset.

The normed space X is said to have weakly normal structure if every weakly
compact subset of X has normal structure.

Simple examples of sets with normal structure are the subsets of uniformly convex
spaces and the compact subsets of any normed space. More examples and informa-
tion may be found in [12].

Normal structure is one of the fundamental tools in fixed point theory of
nonexpansive mappings. We mention only the fixed point theorem of Browder [3],
Gohde [6] and Kirk [8] which states that every nonexpansive (i.e., having Lipschitz-
constant 1) selfmap of 4 has a fixed point provided 4 has normal structure and is
weakly compact and convex.

For a given sequence (x,,),en in X, we associate two functionals

A*(x):= limsup|x, — x|, A4(x):= liminf|x, — x|
n— o n— o0
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on X (cf. [10]). If (x,),en 15 bounded, (x,),cn is called limit-constant (limit-
affine) if the two functionals A* and A, coincide on the convex hull of {x,|n € N}

and are constant (affine) there (cf. [12]). In this case, we write A = A* = A_.

PROPOSITION 1 [12]. The normed space X has (weakly) normal structure if and only
if X contains no (weakly convergent) limit-constant nonconstant sequence.

The normed space X is said to have the (weak ) sum-property (cf. [12)) if it contains
no (weakly convergent) nonconstant limit-affine sequence (x,),.n for which
(A(x,)),en is nondecreasing. The sum-property is introduced in [12] to solve (at
least partially) the problem whether normal structure is preserved under finite direct
sums. Here, a property (P) is said to be preserved under finite direct sums if, given a
finite dimensional normed space Z having a basis (e;); ¢ y With

<

N N
Z Sie; Z Siei
i=1 z i=1 z

and given normed space X;, i < N, with (P), then [TY ; X; endowed with the norm
(x)ienll = ”z?,=1”xi”X,»ei”Z has (P).

In [12], it is proved that the sum-property is preserved under finite direct sums.
So, since the sum-property obviously implies normal structure, it is desirable to find
spaces having the sum-property or even to show that normal structure is equivalent
to the sum-property. The latter is an open problem and is shown to hold for a very
large class of spaces (cf. [12]).

We will see that, among the Orlicz sequence spaces, weakly normal structure is
equivalent to the weak sum-property and normal structure is equivalent to the
sum-property.

The idea of the following sufficient condition for weakly normal structure of
normed spaces with a basis is due to Gossez and Lami-Dozo [7].

whenever {{ > §, > Oforalli < N

PROPOSITION 2 [12]. Let X have a basis (e;),;cn Which satisfies the condition

(GLD). There are € < 1 and r > 0 such that ||x|| = ||E2,x(i)e;|| = 1
+ r whenever |Z/_x(i)e/|l =1 and |£2,;,,x(i)e,|| > € for some
jJEN.

Then, X contains no weakly convergent limit-affine sequence with inf{ A(x,)|n € N}
> 0. Consequently, X has weakly normal structure, it even has the weak sum-property.

A sequence (x,),en In X is said to be almost convergent to some x € X if
A*(x) < A (y) for ally # x (cf. [4, 9]). This notion is useful in fixed point theory of
nonexpansive mappings: If T is a nonexpansive mapping and (x,),cn iS @ sequence
with lim, , _||x, — Tx,|| = 0 which is almost convergent to some x, then x is a fixed
point of T.

2. Orlicz sequence spaces. Let ¢ be a convex Orlicz function, ie., : R,—> R, =
R,U{+ o} is nondecreasing, nonconstant, convex and continuous at 0 with
¢(0) = 0. We set

D(g) = {t>0fsup{@(s)[0 <s<1} <oo]}.
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Every Orlicz function ¢ is continuous on the interior of D(¢p) and possesses a right
derivative @'(¢) = lim, | o{(@(¢ + k) — @(2))/h} there.

Throughout the paper, let K be the scalar field R or C. We define the functional
S,: KN > R, by

()= X o(lx(0)).
The Orlicz sequence space I, = I ,(K) is defined by
l, = { x:N = K|S (¢™'x) < oo for some ¢ > O}.
Endowed with the norm
lIxlle = inf{ ¢ > 0|8, (c7x) < 1}

[, is a real or complex Banach space according to K = R or K = C. As usual, we

write [, = l% and |||, = | g, for g,(1) = 17,1 < p < o0, and
_ /0, <1 _
q)p(t)_{oo, t>1}’ P 0.

The unit vectors in /,, are denoted by (e;);cn, Where
N_ [0, i#)
ei(j)_{]., l=j}'
Whether (e;);<n is a basis of /, depends strongly on the so-called A ,-condition. The

Orlicz function ¢ is said to satisfy the A ,-condition at 0, a > 1, if it is nondegenerate
—i.e., if p(¢) > 0 for all # > 0—and if there is ¢ > 0 with ar € D(¢) and

B(a,t):=sup{ ¢(as)/p(s)[0 <s <1} < co.

Obviously, B(a, t) < oo whenever at € D(¢) and ¢ satisfies the A ,-condition at
0. It is important in our results that /, C c, if ¢ is nondegenerate. The following fact
is well known (cf. [13]):

PROPOSITION 3. The following are equivalent.

(a) @ satisifes the A ,-condition at 0 for all a > 1.

(b) ¢ satisifes the A ,-condition at 0 for all some o > 1.
(c) @ satisifes the A ,-condition at 0.

(d) limsup, | o t9’(1)/@(2) < o0.

(e) (e,);en is a boundedly complete basis of 1.

(£) 1, has no subspace isomorphic to .

Although Lindenstrauss and Tzafriri only deal with real valued ¢ in [13], the proof
of Proposition 3 also works in our case.

We need some elementary properties of Orlicz functions and Orlicz sequence
spaces.

PROPOSITION 4. (i) If ¢ satisfies the A ,-condition at 0, then
linilﬂ(a, a’t)=1 forallt € D(9).
al



526 THOMAS LANDES

(ii) If @ does not satisfy the A ,-condition at 0, then, for allt > 0 and B < o, there is
s €(0, t] with

o >@(as) > (a—1)Be(s) forala<s(1,2].

PROOF. (i) Assume that ¢ satisfies the A,-condition at 0. Let 1 € D(¢) and 8 > 1
be given. We have to find a > 1 such that B(a, a™'t) < B. Since t € D(¢), there is
@ > 1 such that @(s) < Bp(a't) for all s <t Set y = B(& & 't) and choose «
€(1,a) with y(a — 1)+ & — a < (& — 1). For s € [@!t,a"'t), we have p(as)
< Bo(a't) < ,B(p(s) Convexity of @ implies for s € (0, a't):

o+ 220 (5) < Bols).

¢(as) < 1<P(0‘S) +a—70(s) < (

(ii) Assume that ¢ does not satisfy the A,-condition at 0. Let # > 0 and 8 < oo be
given. Choose 7 < ¢ with @(27) < oo. By Proposition 3(d), there is s € (0, 7] with
s@'(s)/@(s) > B. Fix a €(1,2]. Since (p(as) — ¢(s))/((a — 1)s) > ¢'(s) we fi-
nally obtain @(as)/@(s) = 1 + (a — D)s¢’(s)/9(s) = (« — 1)B. O

The behaviour of ¢ on ¢~!([0, 1]) is important for the norm of [,. We define

t(p) = sup{ flo(r) <1}, C(9) = sup{ @(1)lr < 1(e)}.

PROPOSITION 5. If ¢ satisfies the A,-condition at 0, then lim, ;; S (Ax) > C(9)
uniformly on {x € I ||1x||, = 1}.

PROOF. Assume the contrary. Then there is C < C(¢) such that, for all A <1,
there is x, with ||x,]|, = 1 and S (Ax,) < C. Since C < C(9), there is £ > 0 with
@(t) = C and & > 1 such that & € D(¢). Choose a €(1, & with B(a,?) < C!
and set A = a”/2 Since S,(Ax,) < C, we have Allx,|l, <t So, S,(Vax,)=
S,(ahx,) < C7IS (Ax,) < 1 which contradicts ||x,||, = 1. O

The following condition (G,) defined for ¢ € (0,1) is closely related to the
(GLD)-condition and to another condition (cf. [10]) which implies that any bounded
sequence in /,, has a subsequence which is pointwise and almost convergent.

(G,) There exists r > 0 such that ||x + y||, > 1 + r whenever ||x||, = 1, || y[l, > ¢
and x, y have disjoint supports.

The validity of (G,) for appropriate ¢ depends on the number C(¢):

PROPOSITION 6. Let @ satisfy the A,-condition at 0.
(a) Condition (G,) holds for some € € (0,1) if and only if C(¢) > 3.
(b) Condition (G,) holds for all ¢ € (0,1) if and only if C(¢) = 1.

PROOF. Assume C = max{z,C(tp)} <1.Sete=C'!—1.Thene=1if C=
We have ||x||, = t(p)~! whenever ||x||, < C™' and |x(j)| =1 for some j €
Indecd, 5, (x) > @(elx()) = 9(1) > 1 if ¢ > 1(p), and, since T, |x(i)| < & <
we have S, (1x) < @(1) +ep(t) = Clo(1) <1 if 1<1(p). So [t((@)eyl, =
ller(@)e,ll, = eand ||[7(p)e; + et(@)e,|l, = 1. This proves sufficiency in (a) and (b).

Assume C(¢) > 4 in case (a) and C(¢) = 1 in case (b). In case (b), let ¢ > 0 be
given. For necessity in (a) and (b), it suffices to find A <1 such that S (Ax) +
S,(Ay) > 1 whenever ||x||, = 1 and || y||,, = &, where, in case (a), ¢ € (0,1) has to be
chosen in an appropriate manner.

1
N.
1,
1,
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In case (a), we choose A < 1 and C > ; such that S (Az) > C whenever ||z||, = 1,
and pick e € (0,1) withy = B(e}, et(9)) < 2C; we have C(1 + y!) > 1.

In case (b), we put y = B(e7}, et(¢)), pick C < 1 with C(1 + y~!) > 1 and choose
A < 1such that S,(Az) > C whenever ||z||, = 1.

Let x, y be given with ||x||, = 1, || yl|, = &. Since S,(Ae"y) < 1, we have Al y||,,
< et(p), so, S,(Aey) < ¥S,(Ay). Hence S,(Ax)+ S (Ay)>C+ y’lSw()\s' )
>Cl+yYH>1 0O

REMARK 1. In the first part of the proof we have shown in fact that (e,),cn 1S
limit-constant if C(¢) < 3, and that no subsequence of (e,),cn is almost conver-
gent to its pointwise lilmit 0 if C(¢p) < 1. Moreover, in this part of the proof, we did
not use the A,-condition.

The Orliz function ¢ is said to be linear at 0 if there are ¢t > 0 and ¢ > 0 such that
p(s)=csforalls < t.

PROPOSITION 7. If @ is linear at 0, then I, has a subspace isometric to I,.

PROOF. Assume that ¢(s) = ¢s, s < ¢, witht > 0,¢ > 0. Choose m € Nands < ¢
with mes = 1. Set x, = s¥. e,,,.,,. Fix any finite sequence (a;),, of scalars and
set a = X;_,la,|. Then S (a 'L  a,x,) = Ei_ymea|ayls = 1, ie., |Zio a, x4l
=a=Yilg) O

3. Main results. All results in this section are valid for K = R as well as for K = C.
Only in the proof of Theorem 1(d) do we have to distinguish between the cases
K=RandK = C.

Some of the proofs are very technical and involve a lot of estimations. So, we give
these proofs in the last three sections.

We first characterize those Orlicz sequence spaces which contain an isometric
copy of /;.

THEOREM 1. The Orlicz sequence space |, has a subspace isometric to I, if and only if
@ does not satisfy the A ,-condition at 0 or ¢ is linear at 0.

PROOF. See §4. O

It is well known that /, contains an isometric copy of /;. Theorem 1 tells us that /,,
contains an isometric copy of /; whenever /, has a subspace isomorphic—not
necessarily isometric—to /. This result depends on the special structure of Orlicz
sequence spaces because there are normed spaces isomorphic to /., which have
normal structure (cf. [12]) and, consequently, cannot have a subspace isometric to /;.
On the other hand, if a normed space has a subspace isomorphic to /, then, for all
¢ > 0, it has a subspace whose Banach-Mazur distance from /; is not bigger than
1 + & Theorem 1 shows that, among Orlicz sequence spaces, this holds even for
e=0.

We now show that the only Orlicz sequence spaces with the Schur
property—weakly convergent sequences are norm convergent—are those isomorphic
to /.
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THEOREM 2. The following are equivalent.

() [, is isomorphic to I,.

(b) 1, is Schur.

(¢) I, has weakly normal structure with respect to every equivalent norm.
(d) (e,,),en does not converge weakly to 0.

(e) 9'(0) > 0.

PROOF. (a) = (b): /; is Schur. (b) & (c): cf. [11]. (b) = (d): Trivial. (d) = (e):
Assume ¢(0) = 0. Choose a real valued Orlicz function ¢ with lim,_,  @'(z) = o
such that ¢ = ¢ in some neighbourhood of 0. Then ¢’(0) = 0 and the conjugate
Orlicz function ¢*(u) = sup,,o{fu — ¢(¢)} is nondegenerate, i.e. [z« C c,. Since the
identity is an isomorphism of /,, onto /; and /3 = /5. (cf. [13]), /3 can be identified
with /;. endowed with some equivalent norm. So, (x*, e,) = x*(n) = 0, n = oo,
for all x* € [7. (e) = (a): If ¢’(0) = ¢ > 0, then ¢(¢) > cr for all 1> 0. So, the
identity is an isomorphism of /,, onto /; (cf. [13]). O

In the next theorem, we give a characterization of Orlicz sequence spaces having
normal structure.

THEOREM 3. The following are equivalent.

(@) [, has normal structure.

(b) I, has the sum-property.

(c) @ satisfies the A,-condition at 0, ¢ is not linear at 0 and C(@) >

(d) L, has no subspace isometric to I, and C() > 1.

19—

PROOF. (b) = (a): Trivial. (c) « (d): Theorem 1. (a) = (d): If /,, has a subspace
isometric to /; then /, cannot have normal structure. If C(¢) < 1, then, according to
Remark 1, (e,),cn is limit-constant; thus, /, does not have normal structure.
(c) = (b): See §5. O

COROLLARY 1. If @ is real valued or if 5 < @(t) < oo for at least one t, then [, has
normal structure if and only if |, has no subspace isometric to I,.

COROLLARY 2. 4 reflexive Orlicz sequence space I, has normal structure if and only
if C(e) > 3.

EXAMPLE. Let ¢ be an arbitrary real valued Orlicz function. For A > 0 set
®|\(1) = @(1) if 1 < X' and @|,(7) = o0 if ¢ > A1, Then the identity is an isomor-
phism of /; onto [, and ||x||,,, = max{]|x||,, Allx|, }. Since ¢ and |, coincide in a
neighborhood of 0 and C(¢|,) = min{@(A™"),1}, Theorem 3 yields

COROLLARY 3. [y, has normal structure if and only if |, has normal structure and
p(A) > 4.

Let /,\ be the space /,, 1 < p < oo, with norm ||x||, , = max{||x]|,, Allx]|, }.

Since /, , =/, . and g,(1/A) > 1 if and only if A < 21/, we obtain

COROLLARY 4. [, \ has normal structure if and only if \ < 2'/7 and p > 1.

The case p = 2 has been investigated directly in [1].
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Theorem 3 shows that, among the Orlicz sequence spaces, normal structure and
the sum-property are equivalent. The same holds for the related weak properties as
Theorem 4 shows.

THEOREM 4. The following are equivalent.

(@) /,, has weakly normal structure.

(b) I, has the weak sum-property.

(¢) @ satisfies the A,-condition at 0 and C() > 4 or ¢’(0) > 0.

PROOF. (b) = (a): Trivial. (¢c) = (b): If ¢’(0) > 0, then, by Theorem 2, every
weakly convergent sequence converges in norm, ie., lim,_,  A(x,) = 0. So, /, has
the weak sum-property. If ¢ satisfies the A,-condition at 0 and C(¢) > 3, then, by
Proposition 6, (G,) holds for some ¢ € (0,1) and, hence, the basis (e;),en of /,
satisfies (GLD). According to Proposition 2, /,, has the weak sum-property.

(a) = (c): Assume that ¢’(0) = 0, ¢ satisfies the A )-condition at 0 and C(p) < 3.
Then by Remark 1, (e,), cn 15 limit-constant, and, by Theorem 2, (e, ), <N COnverges
weakly to 0. So, /,, does not have weakly normal structure. It remains to show that /,
does not have weakly normal structure if ¢ does not satisfy the A,-condition at 0.
This is donein §5. O

COROLLARY 5. If @ is real valued or if 5 < @(t) < oo for at least one t, then l, has
weakly normal structure if and only if either I, has no subspace isomorphic to 1, or [, is
isomorphic to l;.

In [10, Theorem 1], Lami-Dozo shows that the condition

(LD) Every bounded sequence in /, has a subsequence which is
pointwise and almost convergent.

holds if ¢ is convex and satisfies

(CV) For all R > 0 the map kg: (0,1) — R, defined by kg(y) =
info, g @(v?)/P(t) satisfies 0 < kg(y) < landlim,;  kg(y) = 1.

Clearly, (CV) is only well defined for real valued ¢ and implies the A,-condition
since kg(y) = (B(y™% yR))™%. In [10], (CV) is only used to prove the following
condition:

(*) For all ¢ € (0, }), there is an r > 0 such that ||x||, > 1 + r whenever

0 N
Y, x(i)e =1 and | Y x(i)el| >e forsomeN € N.
i=N+1 ¢ i=1 v

which in turn implies (LD) even if /, is replaced by any normed space with
boundedly complete basis (e;);en-

The proof of [10, Theorem 1] in fact only works for real valued ¢. But for real
valued ¢, we even know from Proposition 4 that (CV) is equivalent to the A,-condi-
tion. So, (LD) holds if ¢ satisfies the A,-condition at 0 and is real valued. Moreover,
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in our general case, we even have a characterization of those Orlicz sequence spaces
for which (LD) holds:

THEOREM 5. Every bounded sequence in |, has a subsequence which is pointwise and
almost convergent if and only if @ satisfies the A ,-condition at 0 and C(@) = 1.

PROOF. Sufficiency. If ¢ satisfies the A,-condition at 0 and C(¢) = 1, then (G,)
holds for all € € (0, 1). This implies () and then (LD).

Necessity. If C(¢) <1 and ¢ satisfies the A,-condition at 0, then, according to
Remark 1, (e,),en has no subsequence which is almost convergent to its pointwise
limit 0. Thus, (LD) does not hold. If ¢ does not satisfy the A,-condition at 0, then /,,
does not have weakly normal structure. Hence, there is a sequence (x,),en in /,,
which converges weakly to some x € [, such that A(x) = A(x,) for all n € N (cf.
[12]). So, (LD) cannot hold. O

4. Proof of Theorem 1.

(4.1) Necessity. Let ¢ satisfy the A,-condition at 0 and be not linear at 0. It is
enough to show that the following property holds:

(O If|Ix,ll, = 1 and x,, = 0 pointwise, then ||x; + x|, < 2 for somen > 1.

Indeed, if X7 a, yill, = Lk-1la,| for every finite sequence (a,),, of scalars,
then we may choose a subsequence (z,),en Of (,),en Which converges pointwise
and put x, = %(z,,,; — Z,)- Then, clearly, x, = 0 pointwise, |x,||, =1 and
llx; + x,ll, =2 foralln > 1.

We show (C). Assume ||x,||, =1 and x, = 0 pointwise Fix any y € (1,2). Pick
i € N such that |x,(i)| < (v - 1)¢(¢) for all i > i. Choose N € N such that |x,(i)|
<(y - Dt(¢p)foralli<iandn > N. We have (i) ||u,|l, < vt{(p)/2 foralln > N,
u,= 3(x; + x,). Choose j € N such that 7= |x;(j)| > 0. Then, ¢ < t(p) and
0 < p = lim,, ¢(s) < 1. Since @ is not linear at 0, there are ¢ > 1 and v > ¢ such
that ¢(cv) = $p. Since lim,,_, |u,(j)| = t/2, there is n > N such that |u,(j)| < v.
So, @(aju,(j)]) < acp/2 foralla €(1,c]. If 1 < @ < min{}/2/y, ¢} then
Splau,) < B, 21(9)) ¥ 9o fu, (1)]) + aclu/2

i#j

allo

< (e, 2t(<p))z {o(a (1)) + @(ax,(1)])} + acln 2

< B(az, —t((p))(l - —(p(a'lt)) +acly/2->1-(1-cHp2<1 ifall.

Hence, S,(au,) < 1 for some « > 1 and, consequently, ||x, + x,||, < <2al<2.
(4.2) Sufficiency. According to Proposition 7, it remains to show that /; has a
subspace isometric to /; if ¢ does not satisfy the A,-condition at 0. So, assume that ¢
does not satisfy the A,-condition at 0. It is enough to find a sequence (x,),en in /,
such that ||x,[l, <1 for all n € N and |Xx_ a,xlly > Z-1la,| for every finite
sequence (a, ), ., of scalars.
Assume first that there are sequences (7,,),,en € R, and (k,,),,en € N such that

(1) kpp(t,) <277,
(2) liminfk,p(az,,) >0 foralla > 1.
m— o0
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Set s, ZJ,,lk and x,(s, + k)=o0,,t,, 1 <k <k,, where o, , are certain
scalars with |g, | = 1 (to be defined below).
No matter how the o, , are defined, we have by (1) for all n € N:

o] o0
Sq)(xn) = E kmq)(tm) < z 27" =
m=1 m=1

hence ||x,||, <1

We now define the g, .. Setr; = jif K= Candr, = 2if K = R, j € N. Let, for all
pEN, Q,=(w,,,) be some p X r/ matrix whose columns are just all combina-
tions of p- tuples of unit roots of order r,. For example @, = (11%] 1] Z}). We define
(0,,m) = (M9 ) ie,

w n<p —
p.n.v
= p
Cy.m { 1 n>p}’ '2_ S+ p, lsvgrp.

Let scalars a;, j <n, be given with X7_jjaj=1. We have to show that
[X7-1a;x,ll, > 1. It is enough to show that S o(BL)_1a;x;) = oo for all B > 1. So,
fix B > 1. Pick y < 1 such that a = By > 1. Take p > n such that, for every p > p
andj < n, there is a unit root §, ; of order r, such that

(3) (a fp,) Y|a| j<n,p>p,and, hence, >v,p>p.

n
ag)

By definition of ©,,, there are numbers m, = Z27\'r/ + v,, 1 < v, < r7, such that

4) $ i =W 0 =0 , forallj<n,p>p.

Pivp j.m

Using (3) and (4), we finally obtain

Sw(ﬂ > ajxj) 2 f km,‘P(ﬁtm,,
j=1

p=p

n
2 g
j=1

[o}
fp,j) > Z-kmp(p(atmp) = o0
p=p

because, by (2), liminf,_,  k ;P(atm,,) > 0.

It remains to construct the sequences (¢,,),,en and (k,,) ,en With (1) and (2). We
distinguish two cases: (a) ¢ is degenerate. Then ¢ = sup{s > O|p(s) = 0}. Set
k,, = 1 and choose an arbitrary sequence (¢,,),,en With z,, 1 2. Then, k,9(z,,) = 0 <
27" Given a > 1, there are u > ¢ and /i € N such that az,, > u for all m > .
Hence, liminf,,_,  k,9(at,,) > ¢(u) > 0.

(b) ¢ is nondegenerate. Then, there is a sequence (?,,),,en With @(z,) < 27" !
and @(at,,)/9(t,) > (a — 1)2™ for all a € (1,2) (Proposition 4(ii)). Let k,, be the
largest integer with 2"k,(t,,) < 1. Foralla € (1,2): k,9(at,,) > (a — 1)2"p(t,,)
= (a - D@"(k,, + Do(t,,) - 270(1,)) > (¢ — 1)/2> 0. O

5. Remaining part of the proof of Theorem 3. We assume that C(¢) > 1, @
satisfies the A,-condition at 0 and ¢ is not linear at 0. Suppose that /, does not
have the sum-property. Then, there is a limit-affine sequence (x,),cn in /, with
inf, . NA(x,)2€e>0.1f r>0,x€ lq, and (y,),en 1S a subsequence of (X,),en,
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then (r(y, — X)), en 15 also limit-affine with inf, .5y A(r(y, — X)) > re. Since point-
wise limits of bounded sequences in /, belong to /,—the basis is boundedly
complete—we may assume that x,, — 0 pointwise and A(x,) — 1.

Since C(g) > 1, there is B < 1 such that 2¢(B1) > 1, t = t(¢). We choose an
arbitrary B € (8,1) and claim:
(1) There exists N € N such that ||x,||,, < Bt foralln > N.
We proof (1) indirectly. If (1) does not hold, then—since x,, — 0 pointwise—for all
i€ Nand N € N, there are i > i and n > N such that |x, (/)| > Bt. Pick a > 1 with
af < B and put e = (8 — aB)r > 0. Choose M € N such that A(x ) < a for all
n > M. There are k > M and i > 1 such that |x,(i)| > Br. Take i > i such that
|x,(j)| < € for all j > i. Pick N > k such that |x,(i)| < € for all n > N and (i):
lx, = Xll, < a for all n > N. There are n > N andj i such that |x,,({')| > pu.
This all together yields |x, (i) — xk(1)| > Bt — e =aft, |x,(j) - X (J) > Pt—e=
aft. So, Sq,(a'l(x,, - x,)) > 29(Bt) > 1 which contradicts (i) and completes the
proof of (1).

F1x any B € (B,1) and set = (8 — B)r. Using lim,_ x,(i)=0, i €N, and

m,_ . x,(i) = 0,n € N, we construct inductively a subsequence of (x, ), en—again
denoted by (x,),en—and an increasing sequence (i, ),,EN of indices such that

(2) |x,(i)] <8 wheneveri<i, jori>i, n€N.

Using the triangle inequality pointwise, we obtain ||x,, — x,,||oo < Bt+8=pu
Since A(x,) — 1, there is a subsequence of (x,),ny—again denoted by (x,),en

—and y < 1 such that||x,, — x,||,, > y~'8 for all n # m. Therefore

(3) %, = x4l < Bt < yi|x,, — x,l, forallm +# n.

Choose j € N such that s = |x;(j)|/A(x;)>0. We have s <yt. Set A=
A(x;)/(1 + A(x,)). Since ¢ is continuous on [0, y¢] and not linear at 0, there are
¢ > 1and u > As such that (p(cu) = Ap(s). Hence,

Ih_I’nw nlim Iyn m .])' >\S, Ynm:* (2x - X T m)/(”xn - xl”cp + ”xn - xm”tp)’
implies
(4) lim lim ¢(aly, .(/)]) < ac”'Ap(s) foralla € (1,c).

m-—0C n—oc

For A, =lx, — xjlla/(lx, = xilly + 11X, = Xpllg)s Zay = (X, = x)/11%, — X/l
we have

(5) Yom =Npminy + (X=X, )20y n>m>1,

(6) Iz, Ml <7ytand S,(z,,) <1, n>1>1

Set @ = min(c, y~!) > 1. Application of (5) and (6) yields for a € (1, &):

(M) Sp(ay,) < Bl vt) T N, (12,0 (D) + (1 = A, ) e (12,0 )

+¢(aly, m(/)])

< B(a,y){1 = A, (l2, ()} + o (aly, n(w)])
= h(a,n, m).
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Using (4), lim, , B(a, y¢) = 1, lim lim,  A,, =Aandlim,_ _|z,,(j)| =

s, we deduce llma“hmm_,wl m,_ h(e,n,m)=1-A1-cHep(s) < 1.

So, by (7), there is a € (l,&), m>1 and N> m such that S (ay,,)<
h(a, n,m) <1 for all n > N. From the very definition of y, ,, we finally obtain
I, = 50y + x)ll < @7 5(1Ix, = Xllg + llx, = X,llg)s n > N. Letting n = oo,

this contradicts the limit-affineness of (x,,),cn. O

6. Remaining part of the proof of Theorem 4. We suppose that ¢ does not satisfy
the A,-condition at 0. Set 1 = max{s > O|p(s) = 0}. We distinguish the two cases
t =0 and ¢ > 0. In each case, we construct sequences (?,),en and (a,),en in R,
and (k,),enin Nwitha, |1, k,@(¢,) <2 "and k,@(e,t,) > 1.

Case 1. t > 0. Define a, > 1 by @(a,t) = (kn)"!, k > C(p)”". Set k, = kn and
t, =t Then k, @(a,t,) = 1 and k,@(z,)=0< 27"

Case 2. t = 0. Using Proposition 4(ii), we inductively construct a decreasing
sequence (¢,), cn Of positive numbers with

() p(a,t,) > 2" p(1,), a,:= 1+ n', @(21) <
Let k, be the least integer with k,@(a,z,) > 1. We have

k,,(P( a,l n)s( —1)(])((1" ,,)+(P(2t1)<1 +1=2
and, thus, k,9(1,) < 2""1k,,q)(a" t,)<27"
Both cases. We set s, = L'k, and x, = t, X}z e, ., € [ . The x, have mutually
disjoint supports. So, for arbltrary §=(¢,),en € ¢g. the pointwise sum T¢ =
Y ,§,x, is well defined. Since

Sw(llﬁll;lTé) < Y k()< Y 2m=1,

n=1 n=1

T: ¢, = [, is linear and bounded with ||T'|| < 1. Obviously, x, = 7§, §, the nth unit
vector of ¢,. Since §, — 0 weakly in ¢, x,, = 0 weakly in /.

Let x = X0 _ A, X, A =0, X7 A, 1 be arbltranly gnven Then, ||x, — x|, <
18, = i1 Awille = 1, n > m, and so A*(x) <

Conversely, we have A,(x)> 1 since Hx,, = x|l
Spla,(x, = x)) > k,9(a,t,)>1.n>m.

Hence, A*(x) = A,(x) =1 and (x,),c is limit-constant. Therefore, /, does not
have weakly normal structure. O

ADDED IN PROOF. The author has shown the sum-property does not imply normal
structure (cf. the text after Proposition 1) and that an Orlicz sequence space has a
subspace isomorphic to / if and only if it has a subspace isometric to /__ (cf. the text
after Theorem 1). These results will be published elsewhere.

-1

n°

>« n > m, because of

¢
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